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The effect has been studied of the internal friction coefficient of particles on transport
properties of sheared granular flows. Experiments were performed in shear cell devices
under four different internal friction coefficients of the particles and five different solid
fractions. The motions of the granular materials were recorded by a high-speed camera.
By using image processing technology and the particle tracking method, we measured and
analyzed the distributions of the average velocity, fluctuation velocity, and particle
self-diffusion coefficient. Three bi-directional stress gages were used to measure the
normal and shear stresses along the upper boundary. According to the experimental
results, the stresses and the self-diffusion coefficients of the particles were inverse
proportional to the internal friction coefficients. In the same conditions, the normal
stresses were apparently higher than the shear stresses. The fluctuation and the self-
diffusion coefficients in the streamwise direction were obviously higher than those in the
transverse direction. The normal and shear stresses were found to increase with the solid
fraction, but the diffusion coefficients were greater in a more dilute flow system. In
addition, the deviations of self-diffusion coefficients in the low solid fraction condition
were much greater than those in the high solid fraction condition. © 2006 American Institute
of Chemical Engineers AIChE J, 52: 3592–3599, 2006
Keywords: granular flow, shear cell, internal friction coefficient, stress gage, self-diffu-
sion coefficient

Introduction

The dominant mechanism affecting the flow behavior of
granular materials is the random motions of particles resulting
from the interactive collisions between particles.1 Because the
random motions of particles in a granular flow are analogous to
the motion of molecules in a gas, the dense-gas kinetic
theory2-4 and molecular dynamic simulation5 are used to ana-
lyze and model the granular flow behavior. One main differ-

ence between a granular material system and a molecular
system is that the molecules are frictionless and inelastic, but
the granules have energy dissipation due to the friction and
inelasticity. In fact, the restitution coefficient and friction co-
efficient are very important properties to particle collisions and
play significant roles in the behaviors of the sheared granular
flow.

In the dense-gas kinetic theory applied to a granular system,
the inelasticity of particles was considered. However, due to
the complexity, most of the earlier theoretical developments of
the constitution equations assumed particles smooth and ne-
glected the friction effect. Lun and Savage6 started to consider
the uniform, rough, inelastic spherical particles to study the
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influences of surface friction of particles. In their article, the
coefficient of restitution ep was used to characterize the inelas-
ticity of particles, and the roughness coefficient � was adopted
to characterize the effects of surface friction and inelasticity in
particle collisions. They focused on the high bulk density flow
with major contribution of stresses from the collisional mode.
Later, Lun7 considered both the kinetic and the collisional
stresses and extended the theory to a system of slightly inelastic
and slightly rough spherical particles. In Lun and Bent’s nu-
merical simulation8 of inelastic frictional spheres in a simple
shear flow, the results showed that the normal and shear
stresses were anisotropic and decreased with the decreasing
coefficient of restitution and with the increasing friction coef-
ficient.

There are some experimental works about the sheared gran-
ular Couette flows.9-13 Most of the earlier experiments assumed
that the flow generated in the cell was a simple shear flow with
constant shear rate and constant granular temperature. How-
ever, these assumptions were invalid because of the gravita-
tional force, as demonstrated in the study of Hsiau and Shieh.14

Hsiau and Yang15,16 performed a series of tests to measure the
transport properties—velocity fluctuations, granular tempera-
tures, and self-diffusion coefficients—and the effective viscos-
ities of sheared granular flows generated in a rotated Couette
shear cell. They employed image processing technology to
investigate the granular flow behaviors in a shear cell. Instead
of using transducers to measure the average stresses, there were
three bi-directional stress gages buried in the upper wall to
measure the normal and shear stresses of granular materials
along the surface. In the past, there were relatively few exper-
imental studies discussing the particle frictional effects due to
the limitations of the laboratory. This article tries to experi-
mentally study the effect of the internal friction coefficient of
particles on the transport behaviors of the sheared granular
flows. Several experiments were performed in a shear cell
device rotating in a constant speed using four kinds of granular
materials with different friction coefficients. The dependence

of the measurements on the friction coefficient will be dis-
cussed.

Experimental Setup

A rotating shear cell was constructed to generate the sheared
granular flow, as shown in Figure 1. The shear device consists
of a bottom disk and an upper disk. The bottom disk, with
outside diameter of 45.00 cm, is driven by a 3 hp AC motor.
The rotation speed is controlled by a variable speed inverter
and can be measured by a tachometer. The bottom disk is made
of plexiglass for observation. An annular trough (inside diam-
eter: 31.67 cm; outside diameter: 42.02 cm; depth: 4.5 cm) was
cut in the bottom disk. The stationary upper disk could be
inserted into the trough where the granular materials were put
in the test section. The test section height h could be adjusted
and measured by a dial indicator.

In this study, we used four kinds of beads—glass beads
(GB), plastic beads (PB), rubber beads (RB), and silicone
beads (SB)—as granular materials in the experiments. All these
beads (colors of black and white) have the same average
diameter dp of 3 mm. In the experiments, the white particles
served as tracer particles. There were about 5% white particles
mixed uniformly with 95% black particles. The average solid
fraction of each test was calculated from the total particle mass
in the test section divided by the particle density and the test
section volume. In this study, five different average solid
fractions � of 0.62, 0.57, 0.52, 0.47, and 0.42 were used. In
order to generate enough shears in the flow, a layer of 3 mm
glass beads was adhered to both the bottom and top surfaces, in
a random packing organization.

In this study, a simple experimental setup was used to
measure the normal restitution coefficient of particles, as
shown in Figure 2. Particle 1 on the top of the channel was
released freely and moved along a very smooth channel to
collide with Particle 2 placed on the bottom of the channel. The
particles’ velocities before and after collision could be deter-

Figure 1. Experimental apparatus.
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mined by using a high-speed camera. The normal restitution
coefficient is defined as:

ep �
V�2 � V�1
V1 � V2

(1)

where V1 and V2 are the velocities of Particles 1 and 2 before
collision, and V1� and V2� are the corresponding velocities after
collision. Note that the coefficient of restitution is generally a
function of the magnitude of impact velocity before collision,
�V1 � V2�. In our simple experiments, Particle 2 was stationary
before collision (V2 � 0) so that the impact velocity was V1.
The mean coefficients of normal restitution were measured
from tests with a range of particle impact velocities. In the later
experiments performed in a rotating shear cell, the variation of
particle impact velocities was not very large for each material.
Thus, the variations of ep for each material due to different
impact velocities were neglected. In addition, the internal fric-
tion coefficients and wall friction coefficients are measured by
a commercial Jenike Shear Tester. The particle densities �p,
mean coefficients of normal restitution ep, internal friction
coefficients �p, and wall friction coefficients �w of the four
granular materials are listed in Table 1.

Three bi-directional stress gages were installed along the upper
wall to measure the normal and shear stresses, as shown in Figure
1. The detecting surfaces of the stress gages are in the same plane
with the upper wall surface. The stress gage is based on a simple
ring dynamometric element, which is provided with semiconduc-
tor strain gages.17 The normal and shear stresses are realized by
two different wiring systems of the strain gages, and the normal
and shear stresses can be measured simultaneously. The stress
gage utilizes two different full bridge semiconductor strain circuits
to measure both stress components simultaneously and indepen-
dently. The diameter of the measuring surface of the gage is 2.0
cm. The measuring surface can be replaced with the same wall
material as the upper surface of the test section. A stable voltage
of 10 volts is supplied to each stress gage by a DC power supply.
When the stress gages sense the normal and shear forces from the
granular materials, the voltage signals are translated from the
gages to a personal computer through a data acquisition card
(Advantech PCL-818HG). A series of calibration tests were care-

fully done along two directions. The accuracy of the stress gages
is over 99%. The normal and shear stresses are determined from
the average signals obtained from the three stress gages.

The granular flow in the test section is assumed to be
two-dimensional, with the streamwise (horizontal) direction as
the x-axis and the transverse (vertical) direction as the y-axis
(upwards is positive). Because of the limitations on observa-
tion, only the flows adjacent to the outer surface of the annular
trough in the bottom disk could be recorded and analyzed. The
inner surface was cleaned and polished before each experiment
to reduce the wall friction effect. The velocity at the bottom
(outside lower corner of the trough) u0 could be calculated
from the product of the rotational speed of the bottom disk and
the outside radius of the trough.

A high-speed camera was used to record the motions of the
granular materials. Using image processing technology and the
particle tracking method, the average and fluctuation velocities
in the streamwise and transverse directions could be measured.
In this study, the images were grabbed at a speed of 500 frames
per second. The autocorrelation technique was employed to
process the stored images and to decide the shift of each tracer
particle in every two consecutive images. The details of the
autocorrelation process can be found in Hsiau and Shieh.14

The test section was also divided into 10 regions along the
transverse direction in the experiment of fluctuation velocity.
By averaging about 250 tracer particles’ velocities from ap-
proximately 8500 frames, the overall average velocities in the
horizontal and vertical directions, �u� and �v�, in each
region were determined. The fluctuation velocities in the two
directions, �u�2�1/2 and �v�2�1/2, for each region were de-
fined by the mean square root of the deviations of each local
velocity from the overall average velocity. The granular tem-
perature T was used to quantify the kinetic energy of the flow,
and could be calculated from the average of the mean square of
the fluctuation velocities in two directions. Since the current
study followed the auto-correlation technique developed by
Hsiau and Shieh,14 which considered the correlation values of
gray level derivatives, the experimental errors of the velocities
were reduced to within 1.5%.

The velocity fluctuations induce the self-diffusion in granu-
lar shear flows. Einstein18 first employed this concept to ana-
lyze the diffusive phenomena of suspended particles with
Brownian motion in a liquid. This idea was also used by
Savage and Dai19 and by Campbell20 to investigate the diffu-
sive behavior of granular flow systems through computer sim-
ulation. The self-diffusion coefficient Dij was defined as:

lim
t3�

��xi�xj	 � 2Dijt (2)

where �xi and �xj were the diffusive displacements in direc-
tions i and j. By tracking enough numbers of particles in a

Table 1. The Properties of Four Kinds of Particles

Glass
Beads
(GB)

Plastic
Beads
(PB)

Rubber
Beads
(RB)

Silicone
Beads
(SB)

Particle density �p (kg/m3) 2476 1420 1415 1768
Normal restitution coefficient ep 0.96 0.95 0.94 0.92
Internal friction coefficient �p 0.62 0.69 0.75 0.80
Wall friction coefficient �w 0.42 0.45 0.47 0.50

Figure 2. Experiment setup for measuring the normal
restitution coefficient.
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channel, the self diffusion coefficients could be determined
from Eq. 2. Since the distance of the view window of the CCD
was relatively short, in order to obtain longer histories of
particle movements in a Couette device through a small camera
window, the idea of “periodic cell” used in computer simula-
tion21 was proposed for application in diffusion measurement
experiments by Hsiau and Shieh.14 When a tracer particle
moved out of one image, the time counter for this particle was
paused. The computer program would then search the follow-
ing images, until the other tracer was found in the inlet with the
same channel height and the same velocities as the former
tracer. The path of this new tracer particle from the image inlet
was then treated as the continuous movements of the former
tracer particle. Since the inlet particle positions were not set by
the computer program as in simulation, thousands of images
might be needed to get a replaced tracer particle in the inlet
with the same velocities and vertical position as the former
tracer particle. In the current experiment, the mean-square
diffusive displacements ��x��x� and ��y��y� were aver-
aged from about 250 tracer particles taken from 2000-4000
frames. The errors of self-diffusion coefficients were estimated
within 5%.

Results and Discussion

We performed five tests for each material, with different
average solid fractions � of 0.62, 0.57, 0.52, 0.47, and 0.42.
The channel height h was fixed as 2.0 cm. The lower wall
velocity u0 was set at 1.10 m/s. As mentioned earlier, four
different materials with different internal friction coefficients
were used: �p � 0.62 (glass bead, GB), 0.69 (plastic bead, PB),
0.75 (rubber bead, RB), and 0.80 (silicone bead, SB). As listed
in Table 1, the wall friction coefficients �w of these four kinds
of beads range from 0.42 to 0.50 and the normal restitution
coefficients ep range from 0.92 to 0.96. The deviations of �w

(
0.04) and ep (
0.02) between these beads were relatively
small compared with the difference in the internal friction
coefficients �p (
0.09). Thus, we attributed the difference of
the measurement results of the four different materials mostly
to the difference of internal friction coefficients �p.

Figure 3a shows the distributions of the average ensemble
velocities in the streamwise and transverse directions, �u�
and �v�, with solid fraction of 0.52 for the materials with
different internal friction coefficients. The transverse velocities
are close to 0 because there is no vertical bulk motion in the
channel. The streamwise velocity decreases with the height.
The flow with smoother particles (lower �p) has greater
streamwise velocity. Slip velocities exist at the lower and upper
walls. The upper slip velocities are about 58-73% of the lower
wall velocities. Due to the gravity effect, there exists a “solid-
like region”22 in the lower half of the channel with faster and
more uniform velocities in the streamwise direction. The shear
rate is higher in the upper section, which is called the “fluid-
like region”22 or “shear layer.”23 From Figure 3a, the values of
the shear rates in this region deviated significantly among those
cases with different internal friction coefficients. The shear rate
is greater for the material with smaller internal friction coeffi-
cient �p.

The distributions of the fluctuation velocities in both direc-
tions for the four materials are shown in Figure 3b. The
fluctuations were highly anisotropic, with the much greater

component in the streamwise direction. The distributions of
fluctuations are not isotropic as assumed in the dense-gas
kinetic theory.1 Due to the increasing shear rate (d�u�/dy)
with the height, the fluctuations also increase with the channel
height, as shown in Figure 3b. In addition, the influence of the
internal friction coefficient on the fluctuations is significant.
The streamwise and transverse fluctuation velocities along the
upper wall with internal friction coefficient of 0.62 (GB) are
over two times those with internal friction coefficient of 0.80
(SB). Due to particle collisions, there is higher energy dissi-
pated from the granular system with greater friction coefficient
�p, which causes the smaller fluctuations and shear rates for the
higher frictional system.

Figures 4a and b show the dimensionless normal stress
�yy /�pdp

2(d�u�/dy)2 and shear stress �xy /�pdp
2(d�u�/dy)2 on

the upper wall plotted against the solid fraction for the four
materials. These two dimensionless stresses were also used in
the study of Lun.7 The shear rates (d�u�/dy) were extracted
from the streamwise velocity values from the two locations

Figure 3. (a) The ensemble velocity distributions and (b)
the fluctuation velocity distributions in the
shear cell for four internal friction coefficients
cases.
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closest to the upper wall from Figure 3a. From dimensional
analysis, the normal and shear stresses have the relation of24:

� � �pf���dp
2�d�u	

d y � 2

(3)

where � is the stress and f is a monotonous increasing function
of the solid fraction. In Figures 4a and b, the increase of the
dimensionless stresses with the solid fraction is similar to Eq.
3. The similar results were also confirmed by several later
experimental studies of dry granular flows.9-11,16,25 Many sim-
ulation works also demonstrated the above relation.5,21,26-28 In
fact, most earlier experimental works used the measured nor-
mal and shear forces on the shear cell to calculate the average
stresses. Hsiau and Yang15,16 started to use bi-directional stress
gages to measure the local stresses (along the upper wall). The
current study used the same instruments to measure the normal
and shear stresses. Hsiau and Yang16 have experimentally
studied the effects of solid fractions on the stresses, so we do
not intend to discuss this issue here.

In fact, Eq. 3 is applied to the inertially driven granular flows

without taking the friction effect into account. Comparing the
values of stresses for four different materials from Figures 4a
and b, the dimensionless normal and shear stresses are larger
for the system with smoother granular materials (lower �p). As
mentioned earlier, the energy dissipation is higher for the more
frictional materials (higher �p) during particle collisions, caus-
ing higher removal of the particle kinetic energy. Therefore, the
normal and shear stresses are lower for the more frictional
system.

The results of Figures 4a and b are also consistent with the
theoretical development by Lun,7 who studied four kinds of
granular flows with different roughness coefficient in the tan-
gential direction, �, by using dense-gas kinetic theory. The
roughness coefficient depends on the tangential inelasticity,
particle surface friction, and impact velocity. In general, �1 �
� � 1, and � � �1 denotes perfectly smooth particles and �
� 1 represents particles perfectly elastic and rough. He ana-
lyzed the granular materials with different values of �: � �
�1, � � �0.8, � � �0.5, and � � 0. For � � �1, since the
particles are perfectly smooth, the fluctuation energy is only in
the translational mode. The frictional dissipation and the en-
ergy exchange between the rotational and translational modes
increases with increasing �. Generally, the larger value of �
indicates the larger value of �p. Lun and Bent8 also analyzed
the effect of particle friction through the discrete element
method. Jenkins and Zhang29 employed kinetic theory to ana-
lyze the granular flows with frictional and nearly elastic
spheres. Both studies also indicate the similar results that the
dimensionless stresses decrease with increasing � and �p.

Figure 5 shows the ratios of the shear stress to normal stress.
The ratio is smaller for the smoother particle system (lower
�p). But the discrepancy gets smaller for the denser system.
The figure also indicates that the stress ratios decrease with the
increasing solid fraction when the solid fraction is smaller than
0.5. For solid fractions greater than 0.5, the stress ratio remains
close to the value of 0.46, which is the wall friction coefficients
�w of the test materials measured by the Jenike Shear Tester.
The results are consistent with Hsiau and Yang’s15 conclusion.
Since the friction coefficient measured from the Jenike Shear

Figure 5. The ratio of the shear stress to normal stress
as functions of the solid fraction.

Figure 4. The dimensionless (a) normal and (b) shear
stresses as functions of the solid friction.
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Tester is under a relatively dense system, the stress ratio for the
lower � is different from the wall friction coefficients.

The sheared flow in the current apparatus has different shear
rates depending on the location of the channel height y (see
Figure 3a). The shear rate is very small in the lower channel,
while the shear rate is larger in the upper channel. For the
diffusion measurements, the channel is divided into three re-
gions according to the ratio of streamwise velocity to the
bottom disk velocity.1 “Uniform region” is defined for the
region with streamwise velocity greater than 95% of the bottom
disk velocity. In this region, there is almost no shear.2 “Low
shear region” is the region with the streamwise velocity be-
tween 85% and 95% of the bottom disk velocity.3 “High shear
region” is the region with streamwise velocity lower than 85%
of the bottom disk velocity. The three flow regimes could be
assumed as simple shear flows with constant shear rates.

From the tracked images and the idea of periodic cell, the
measured mean-square diffusive displacements in streamwise
and transverse directions of the granular material flow of glass
beads with solid fraction of 0.52 were plotted against time in
Figures 6a and b. The figures demonstrate the linear relation in
Eq. 2. The self-diffusion coefficient can be determined from the
relation between mean-square diffusive displacements and
time, as shown in Eq. 2. For the four different materials with
different internal friction coefficients and with solid fraction of
0.52, the self-diffusion coefficients in the streamwise direction,
Dxx, and in the transverse direction, Dyy, in the three flow
regimes were plotted against the channel height in Figures 7a
and b. The self-diffusion coefficients in the streamwise direc-
tion are greater than those in the transverse direction. The
diffusion coefficients are greater in the high shear region due
the higher shear rate and fluctuations. The diffusion coeffi-
cients indicate the disturbed status in the flow field. The smaller
diffusion coefficient indicates that the fluid in the flow field is
less active. From Figures 7a and b, the system with larger
internal friction coefficients (rougher particles) has the smaller
diffusion coefficients in the flow field, although the deviation is
not significant in the uniform region for the four granular
materials. It is consistent with our former discussion and ver-
ifies that in a granular flow system, the rougher particles system
(larger �p) has the higher energy dissipation, causing flow
behavior less active and less diffusive where the shear rate, the
fluctuations, and the diffusion are relatively lower.

Lun and Savage6 applied the kinetic theory to a system of
inelastic, rough spherical particles to study the effect of particle
surface friction and rotary inertia. When the particles are per-
fectly rough, there is equipartition of fluctuation kinetic energy
between the rotary and translatory modes. Lun7 indicated that
the translatory inertia was lower for the rougher particles, but
the rotary inertia and the energy dissipation were higher. Due
to the difficulty and limitation of experimental technique, this
article only measured the movements of particles in the trans-
latory mode; therefore, the diffusion coefficients Dxx and Dyy

calculated from the diffusive displacements, only considered
the translational inertia. The sum of the translational energy,
the rotary energy, and the energy dissipation is a constant.
Thus, the translational inertia increases with the decrease of the
rotary inertia and the energy dissipation. From Figures 7a and
b, Dxx and Dyy decrease with the increase of the internal friction
coefficient of the materials. It indicates the translational inertia
also decreases with the increasing �p. Therefore, the rotary

inertia and the energy dissipation increase with the increasing
�p. This experimental indication agrees to the results of Lun
and Savage6 and Lun.7

Figures 8a and b show the self-diffusion coefficients in the
streamwise and transverse directions in high shear regions
versus the solid fraction for the four materials. The influences
of the internal friction coefficients on Dxx and Dyy for the four
different materials are similar. From the figures, the diffusion
coefficients Dxx and Dyy increase with decreasing solid fraction.
The current experimental results show the similar trend as the
theoretical relation between the diffusion coefficient and the
solid fraction from the dense-gas kinetic theory19,30:

D �
d0�	T

8�1 
 ep��g0���
(4)

where T is the granular temperature and g0(�) is the Carnahan–
Starling31 expression for the radial distribution function at
particle contact g0(�) � (2 � �)/(2(1 � �)3). However, the

Figure 6. The mean-square (a) streamwise and (b) trans-
verse displacements varied with time in three
flow regions for the internal friction coefficient
at 0.62 (�p � 0.62 (GB)).
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theoretical values of the self-diffusion coefficient are much
smaller than the experimental results.30 The deviation is up to
an order of 2 to 3. The significant deviations mainly result from
the assumptions in the dense-gas kinetic theory: the isotropic
and binary collisions, the isotropic fluctuations, and granular
temperature. The relative discussions can be found from our
earlier study.16 It is interesting to note that the influence of �p

on diffusion coefficients is more significant in the granular flow
with lower solid fraction. From Eq. 4, the diffusion coefficient
is inverse to �g0(�) and proportional to the square root of T.
However, for a granular flow with greater solid fraction, the
magnitude of g0(�) increased drastically. Therefore, the influ-
ence of solid fraction on the diffusion coefficient is much more
significant than that of internal friction in the granular flow
with higher solid fraction.

Conclusions

This article studied the effect of particle internal friction on
transport behaviors of rough granular material flows in a quasi

two-dimensional Couette shear device. The image processing
technology and particle tracking method were employed to
measure the ensemble velocity, the fluctuation velocities, and
the self-diffusion coefficients. Four materials with different
internal friction coefficient (�p � 0.62, 0.69, 0.78, and 0.80)
were tested.

The effects of internal friction coefficients of particles on
transport properties of sheared granular flows were experimen-
tally studied in this work. The shear rates and fluctuation
velocities were found to increase with the decreasing internal
friction coefficient. The high velocity fluctuations induce the
greater self-diffusion coefficients in the high shear region (up-
per channel). The granular flow with rougher particles has
higher energy dissipation, resulting in the lower fluctuations,
the lower shear rates, and the smaller self-diffusion coefficient
in the test section. The granular flow with smoother particles
has the greater dimensionless normal and shear stresses. Also,
the granular flow with lower solid fraction has larger discrep-
ancy in diffusion coefficients for the different �p systems.

Figure 8. The self-diffusion coefficients (a) in the
streamwise direction and (b) in the transverse
direction at the high shear regions versus the
solid fraction for 20 tests.

Figure 7. The self-diffusion coefficients (a) in the
streamwise direction and (b) in the transverse
direction at the three flow regions versus the
channel height for four tests with internal fric-
tion coefficients.
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